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GORDAN SAVIN
Abstract. Let G be a simply connected Chevalley group corresponding to an irreducible
simply laced root system. Then the ﬁnite group G(Z/4Z) has a two fold central extension
G′(Z/4Z) realized as a Steinberg group. In this paper we construct a natural correspon-
dence between genuine representations of G′(Z/4Z) and representations of the Chevalley
group G(Z/2Z).
1. Introduction
Let Φ be an irreducible root system and let G = Gsc be the simply connected Chevalley
group corresponding to the root system Φ. Let G′(Qp) be a two-fold central extension
of G(Qp) constructed by means of the Hilbert symbol. A purpose of this paper is to
understand and deﬁne some basic K-types for the group G′(Qp). If p is odd then the
central extension splits over K = G(Zp) and K can be lifted, uniquely, as a subgroup of
G′(Qp). In particular, a smooth representation of G′(Qp) is called unramiﬁed if it has a
non-zero vector ﬁxed by K. On the other hand, if p = 2, then G′(Z2) is a projective limit of
Steinberg groups G′(Z/2n+1Z), for n ≥ 1, and we are led to study genuine representations
of G′(Z/4Z) in order to understand simplest K-types. In this note we show that there is a
natural correspondence σ  → σ′ between irreducible representations σ of G(2) = G(Z/2Z)
and irreducible representations σ′ of G′(4) = G(Z/4Z) with a ﬁxed genuine character χ.
This is Theorem 1. A feature of this correspondence is that dimensions of the corresponding
representations are related by
dim(σ
′)
2 =
|g(2)|
|Z|
dim(σ)
2
where g(2) is the Lie algebra corresponding to Φ over the ﬁnite ﬁeld Z/2Z, |g(2)| is its
order, and Z ⊆ g(2) is the kernel of the Killing form. The representation of G′(4) which
corresponds to the trivial representation of G(2), and it is denoted by ρχ in this paper,
can be called a pseudospherical type by analogy with real groups [1].
For example, if G = SL2, then SL2(2) ∼ = S3 has three irreducible representations of
dimensions 1, 2 and 1. On the other hand, SL
′
2(4) has three irreducible representations of
dimensions 2, 4 and 2 for every ﬁxed genuine character. This is, essentially, contained in
a joint work with Loke [4].
The work of Gurevich and Hadani [3] provides a version of Proposition 3 in the case of
root system Cn. I would like to thank Z. Rudnick for pointing out this reference to me.
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Thanks are also due to Dick Gross for an enlightening discussion on central extensions of
elementary 2-groups.
2. Finite Chevalley groups
Let (α|β) denote the inner product on Φ normalized such that (α|α) = 2 for long roots.
Co-roots can be identiﬁedwith α∨ :=
2α
(α|α). If Φ is simply laced then α∨ = α. In particular,
we can identify the root and the co-root lattices.
The root system Φ deﬁnes a split, simple Lie algebra g over Z. More precisely, we have
a Chevalley lattice
gZ = X ⊕α∈Φ Z   Eα,
where X is the co-root lattice. The co-roots, considered as elements in the Chevalley
lattice, will be denoted by Hα.
We can deﬁne an invariant (Killing) form on g by
(
κ(Hα,Hβ) = (α∨|β∨)
κ(Eα,E−α) = 1
and 0 for any other combinations of Chevalley generators as entries of κ. Let g(2) denote
the Lie algebra over the ﬁnite ﬁeld Z/2Z. Note that g(2) is simply obtained by reducing
the Chevalley lattice modulo 2. The Killing form κ can now be viewed as an invariant
form on g(2) with values in Z/2Z. Note that the kernel of κ is equal to the kernel of the
restriction of κ to X/2X. This kernel is trivial if and only if the determinant of the Cartan
matrix of the root system is odd.
Let G = Gsc be the simply connected Chevalley group corresponding to the root system
Φ. By ﬁxing the Chevalley lattice, we have also ﬁxed a structure of G as a group scheme
over Z. Recall that there is a maximal, split torus T in G preserving root spaces in g
under the adjoint action. If R is a ring, then T(R) ∼ = X ⊗Z R×. We shall also need the
adjoint group Gad. Let Tad be the maximal split torus in Gad. Then Tad(R) ∼ = Y ⊗Z R×,
where Y is the co-character lattice of Tad. In the simply laced case Y is the dual lattice
to X with respect to the product (α|β).
We shall be mostly interested in the case R = Z/4Z. The group G(Z/4Z) is generated
by one-parameter subgroups Uα ≃ Z/4Z for every root α in Φ. More precisely, the choice
of Chevalley basis ﬁxes an isomorphism of Z/4Z and Uα, u  → eα(u) for every u ∈ Z/4Z.
For example, if G = SL2 then these elements are
￿
1 u
0 1
￿
and
￿
1 0
u 1
￿
.
For every s in (Z/4Z)× deﬁne elements
(
wα(s) = eα(s)e−α(−s−1)eα(s)
hα(s) = wα(s)wα(−1).SHIMURA CORRESPONDENCE FOR FINITE GROUPS 3
If G = SL2 then these elements are
￿
0 s
−s−1 0
￿
and
￿
s 0
0 s−1
￿
.
If Φ is simply laced but not A1, the group G(Z/4Z) is abstractly generated by the one-
parameter groups Uα modulo the relations
(1) [e(t),eβ(u)] =
￿
eα+β(±tu) if α + β is a root
1 if not, and −α  = β.
and
(2) hα(r)hα(s) = hα(rs).
The group G(Z/4Z) has a two step ﬁltration with G(Z/2Z) as a quotient and a subgroup
isomorphic to g(2). Henceforth, we shall denote these groups by G(4), G(2).
Proposition 1. Assume that Φ is simply laced but not A1. Let Z be the center of G(4).
Then Z is contained in g(2) ⊆ G(4) and equal to the kernel of the Killing form κ on g(2).
Proof. Consider the natural projection Z → G(2). Since G(2) is simple, it follows that
Z is contained in g(2). The conjugation action of G(4) on g(2) descends to the adjoint
representation of G(2) on g(2). This representation is irreducible modulo the kernel of the
Killing form. It follows that the center is contained in the kernel of the Killing form.
On the other hand, let T(4) be the maximal torus in G(4). Since (Z/4Z)× = {1,−1},
we have
T(4) = X ⊗ (Z/4Z)
× ∼ = X/2X ⊆ g(2).
Under this identiﬁcation, hα(−1) in T(4) corresponds to Hα in X/2X. This give us
a precise description of T(4) as a subgroup in g(2) ⊆ G(4). Since the conjugate of a
generating element eα(1) by t = λ ⊗ s in T(4) = X ⊗ (Z/4Z)× is
teα(1)t
−1 = eα(s
(λ|α)),
is follows that the kernel of the form ( | ) on X/2X is contained in the center of G(4). The
proposition is proved. ￿
3. Central extensions
The group G(4) has a two-fold central extension denoted by G′(4), which can be de-
scribed in terms of Steinberg generators and relations. More precisely, (Z/4Z)× = {1,−1},
has a non-trivial Steinberg symbol (r,s) with values in µ2 = {1,−1}, as given by the fol-
lowing table:
1 −1
1 1 1
−1 1 −1
Abusing notation, the group G′(4) is generated by elements eα(u) for u in Z/4Z, satis-
fying the relation (1), with (2) replaced by
hα(r)hα(s) = hα(rs)   (r,s)4 GORDAN SAVIN
where (r,s) is the Steinberg symbol, considered here as an element in the central group
µ2. The commutator of hα(r) and hβ(s) is
[hα(r),hβ(s)] = (r,s)
(α∨|β∨).
The central extension G′(4) of G(4) is universal, if Φ is not A2, A3 or D4, by results of
M. Stein [6] and [7].
We have the following diagram of groups:
1 1
↑ ↑
G(2) G(2)
↑ ↑
1 → µ2 → G′(4) → G(4) → 1
↑ ↑
1 → µ2 → g′(2) → g(2) → 1
↑ ↑
1 1
We now describe the central extension g′(2) of g(2) appearing in the diagram. (See [2]
and [5] for more on the subject of extensions of elementary 2-groups.) We can deﬁne a
symplectic form ω on g(2) with values in µ2 by
ω(X,Y ) = [x,y]
where x and y are any two elements in g′(2) that project to X and Y , respectively, and
[x,y] denotes the group commutator.
Proposition 2. Let κ be the Killing form on g(2). Then, for any two elements X and Y
in g(2),
ω(X,Y ) = (−1)
κ(X,Y).
Proof. There are several cases to consider. Assume ﬁrst that X = Hα and Y = Hβ. Then
x = hα(−1) and y = hβ(−1). Since [hα(−1),hβ(−1)] = (−1)(α∨|β∨), the ﬁrst case has been
checked. Next, assume that X = Eα and Y = Eβ such that α  = −β. Then κ(Eα,Eβ) = 0.
We can take x = eα(2) and y = eβ(2), here. Since
[eα(2),eβ(2)] = eα+β(±4) = 1
in G′(4), it follows that ω(Eα,Eβ) = 1, as desired. If β = −α, then this is Corollary 2.9
in [7]. The remaining cases are trivial. ￿
Corollary 1. The center of the nilpotent group g′(2) coincides with Z′, the center of G′(4).
Moreover the image of Z′ in g(2) is equal to Z, the kernel of the Killing form κ.
Note that there is a natural (conjugation) action of G(4)/Z on G′(4). This action
extends to an action of the adjoint group Gad(4) ⊇ G(4)/Z on G′(4): an element t = λ⊗s
in Tad(4) = Y ⊗ (Z/4Z)× acts on the generating elements by
teα(1)t
−1 = eα(s
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Important for us is the conjugation action of t on hα(r):
thα(r)t
−1 = hα(r)   (r,s)
(λ|µ).
Since the lattice Y is dual to X this formula shows that the group Gad(4) acts transitively
on the set of genuine characters of Z′.
4. Main results
Fix a genuine character χ of Z′, the center of G′(4). Since Z′ is also the center of g′(2),
there exists a unique irreducible representation ρχ of g′(2) with the central character χ.
The square of its dimension is given by
dim(ρχ)
2 =
|g′(2)|
|Z′|
=
|g(2)|
|Z|
where, we remind the reader, Z is the kernel of the Killing form on g(2).
Proposition 3. Assume that the simply laced root system Φ is not of type A1, A2, A3 or
D4. The representation ρχ of g′(2) extends, uniquely, to a representation of G′(4). This
extension is denoted by ρχ.
Proof. We note that G(4) acts by conjugation on irreducible representations of g′(2). Since
the isomorphism class of ρχ depends on the central character χ, and G′(4) acts trivially
by conjugation on its center Z′, we see that ρχ gives rise to a projective representation of
G′(4). Since G′(4) is universal, the projective representation lifts to a representation of
G′(4), denoted by π. Note, however, that the restriction of π to g′(2) is not necessarily
isomorphic to ρχ. It may be isomorphic to a twist of ρχ by a character of g(2). Any such
twist is isomorphic to ρχ′ for a (possibly) diﬀerent genuine character χ′ of Z′. Since the
adjoint group Gad(4) acts transitively on the set of all genuine characters of Z′, we can
conjugate π by an element in Gad(4), if necessary, to construct an extension of ρχ to G′(4).
The uniqueness of extension is clear since G′(4) is perfect. ￿
If σ is a representation of G(2) then, after inﬂating σ to G(4), σ ⊗ρχ can be considered
a representation of G′(4). Clearly, σ ⊗ ρχ has the central character χ.
Theorem 1. Assume that the simply laced root system Φ is not of type A1, A2, A3 or D4.
The map σ  → σ ⊗ ρχ gives a one to one correspondence between isomorphism classes of
irreducible representations of G(2) and irreducible representations of G′(4) with the central
character χ.
Proof. Let π be an irreducible representation of G′(4) with the central character π. Clearly,
the restriction of π to g′(2) is a multiple of ρχ. Let
σ = Homg′(2)(ρχ,π).
Note that σ is naturally a G′(4)-module with the action of g in G′(4) given by
σ(g)(A) = π(g) ◦ A ◦ ρχ(g
−1)
for every A in σ. Moreover, the natural map A⊗v  → A(v) gives an isomorphism of σ⊗ρχ
and π. The theorem is proved. ￿6 GORDAN SAVIN
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